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WEIGHTED WEAK (1,1) AND WEIGHTED L? ESTIMATES
FOR OSCILLATING KERNELS

SAGUN CHANILLO, DOUGLAS S. KURTZ AND GARY SAMPSON

ABSTRACT. Weak type (1,1) and strong type (p,p) inequalities are proved
for operators defined by oscillating kernels. The techniques are sufficiently
general to derive versions of these inequalities using weighted norms.

0. Introduction. Given a positive real number a > 0, a # 1, define the
oscillating kernel K, by

Ka(z) = (L+ |z)) tel™

and consider the convolution operator K, * f. In an earlier paper (2], we studied
the boundedness properties of such operators on weighted LP spaces, 1 < p < 0o.
For p > 1, we define

1o = ( [, 11@P0(e)d2) v

and say f € LP(R) if || f|lp,w < o0. The main result of this paper deals with an
extension of these results to a weighted weak (1, 1) result. Additionally, we consider
extensions of our results in [2]. Many of the ideas used here were developed in [1].

One standard technique for the study of convolution operators is to prove results
for the corresponding multiplier. Suppose 0 < @ # 1 and 3 = a/(a — 1), so that
B < 0or > 1. The multiplier operator T associated to K, is defined by

a

(T5£) () = 0()I€I~#/21€° f(¢),

where 0 is a C* function defined by

(i) 0(¢) = <(1) ;ﬁ llgll § 1/2 when 8 <0,
and
(i) 0(&) = (é ! Ell i ;/2 when 8> 1.

We will also need to consider the multiplier operator
(To.ef) () = B(&) €l f (&),
where 6(¢) is defined above. We shall denote T _g/2f by Tgf.
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Given a nonnegative, locally integrable weight function w, we say w satisfies the
A1 condition if there is a constant C' > 0 such that for all intervals I

1w

1|

with C independent of I.
The main result of this paper is

THEOREM 1. Let3<0orf3>1. Ifw € A;, there is a constant C, independent
of f, so that for A >0

(1) wfz: [Tf(@)| > ) < Tl

An immediate consequence of this result is the following corollary.

I = i/u)(z)d::: < C essinfw
| Ji 1

COROLLARY 2. Let0 < a# 1. If w € Ay, there is a constant C, independent
of f, so that for A >0

(2 w(fz: | f@)] > A) < Sl

The two results (1) and (2) are actually equivalent.
We note for definiteness the case w = 1 of the previous corollary.

COROLLARY 3. Let 0 < a # 1. There is a constant C, independent of f, so
that for A >0

o 1Ko« £ > M) < S

Corollary 3 was proved for 0 < a < 1 in [8]. The results when a > 1 are new.
Let z € R™ and k(z) be a Calderén-Zygmund kernel. Consider the operator T f
defined by

T/@) = [ Iz~ )f ) do

Recently Phong and Stein [9] and Ricci and Stein [10] have considered the operator
T as a mapping from LP(R"™) to LP(R"), 1 < p < oo, for certain types of functions
G. Although we prove our results for R and k(z) = 1/(1 + |z|), an examination
of the proofs shows the dimension may be greater than 1 and 1/(1 + |z|) may be
replaced by a Calderén-Zygmund kernel. The idea is to write

el k(z) = 0(z)e**"k(z) + [1 — 0(x)]e!™" k(z) = K1(z) + K2(z),

where f(z) = 1 for |z| < 1 and 6(z) = O for |z] > 2. Next, write K;(z) =
(e**I* — 1)8(z)k(z) + 6(z)k(x). The first term is bounded by a constant times the
L! function x({|z| < 2})|z|2~™ and the second term is a Calderén-Zygmund kernel.
Since k(z) is homogeneous of degree —n, K is handled like €*/%I° (1 + |z[) ™.

Ricci and Stein prove T defines a bounded operator on L? when G(z,y) = P(z,y)
is a real-valued polynomial. If a = 2k is an even integer, then |z — y|* = P(z,y)
is a polynomial of degree 2k in z and y. Thus, Corollary 3 (and Corollary 2) gives
weak type (1, 1) estimates for special classes of polynomials.

Suppose A is a nonsingular matrix and G(z,y) = (Az,y). Phong and Stein
show that T defines a bounded operator on LP. When a = 2, |z|?2 = (z,z), so
K, corresponds to the matrix A = I, the identity matrix. Our techniques can be




WEIGHTED WEAK (1,1) AND WEIGHTED L? ESTIMATES 129

used to prove the weak type (1,1) inequality for a convolution operator with the
kernel K (z) = ¢(4%2) k(x), where A is a nonsingular matrix and k is a Calderén-
Zygmund kernel. The arguments are the same as those mentioned above with
e'l#l* replaced by e¥4%%) Let A be symmetric and set g(y) = e*{(4¥¥) f(y). Since
(Ay,z) + (Az,y) = 2(Az,y) and |e(4%2)| = 1, we see that

/ e A==~V (g — ) f(y) dy / e? A2V k(z — y)g(y) dy

Thus, for symmetric matrices A, the operators of Phong and Stein are weak type
(1,1).

To prove weak (1,1) estimates for a Calderén-Zygmund kernel, one uses the
fact that the derivative of the kernel belongs to L! away from the origin. We
consider kernels K,(z) which have derivatives that decay like |z|>~2 as |z| — oo.
Thus, for a > 1, these kernels are not integrable away from the origin. Standard
arguments which work for Calderén-Zygmund kernels cannot be used since they
will fail for large intervals. The circle of ideas centered around the sharp function
of C. Fefferman and E. M. Stein similarly do not apply. In fact, (at least) for a > 1,
the kernels K, are more akin to the Bochner-Riesz multipliers. We base our proof
on the argument used to prove Theorem 3 in [5]. In order to introduce A; weights,
we use a decomposition result from [1]. These ideas can be used to prove that
operators defined by the kernels (e*(1°8)" /t(log t)®)x({t > 2}) satisfy a weak type
inequality when 6, > 0. These kernels were introduced in [11].

We will consider also strong type inequalities for operators with convolution
kernels

Ko p(x) = (14 |z]) %€=, 0<a#land1-a/2<b<1.
Generalizing Theorem 3.3 of [2], we prove

THEOREM 4. Leta > 1 and suppose 1 < w(z) < Cw(t) for |t|/2 < |z| < 2|t].
Ifeither1—a/2<b<1landaf/(a+b—1)<p<2o0rb=1and1<p<2 then

”Ka,bf”p,w < C”f”p,w

if and only if
w(z) < C(1+ |z|)2P~V+PC-1)  for gl .

This result is sharp for weights that are essentially constant on annuli. Note
that for powers of (1 + |z|) the endpoint exponent a(p — 1) + p(b — 1) is included.

This paper is divided into three sections. In §1 we give background information.
The proof of Theorem 1 is contained in §2. We prove strong type results for
operators with kernels K, ; in the last section.

We use the letters B and C to denote constants. Given an interval I, cI stands
for the interval concentric with I and having length ¢ times as long. Given a number
p, 1 < p < 00, we define ¢ by the equation 1/p+1/q = 1.

1. Preliminary estimates. The relationship between Tgf and K, f, where
0<a#1and B =a/(a—1),is expressed in the following lemma.

LEMMA 1.1. Let0<a#1and B=a/(a—1). Then

(11) |Tpf(z) — Ka * f(2)] < ¥ *|fl(2),
where 0 < 1o(z) < C(1 + |z|)~1~2/2.
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The proof for the case a > 1 is in [12] while that for 0 < a < 1 follows from
(4, p. 31(ii)]. In view of this lemma, Tsf and K, f differ pointwise by the Hardy-
Littlewood maximal function of f. Since the maximal function is weak (1,1) with
respect to A; weights, we may deduce Corollary 2 once Theorem 1 is proved.

The key estimate of this section is

LEMMA 1.2. Letw € A; and suppose 3 <0 or3>1. Thereisaé,0< 6 <1,
so that for each p, 2 —6 <p< 2, and c = (p — 2)5/2p,

”Tﬁ,cf”p,w < Cp”f”nw-

We begin by considering the tools needed for the proof of this lemma. Much of
the work in this direction involves estimates on operators mapping H} into L1 .

The weighted Hardy spaces H}, w € A;, have been developed in [14, 15, 16].
A real-valued function b is called an H} atom if

(1) b(z) is supported in an interval I,

(i) [b(z)dz =0,

(iif) fIblloo < 1/w(I).
We say a function f is in HY if there exist atoms {b;} and coefficients {),} such
Fhat f(@) ~ 325 Asb;(z) and 32 |A;| < oo. Set ||fllmy = inf};|A;|, where the
infimum is taken over all such decompositions.

The concept of regular kernels was considered in 2, 7]. The following definition
generalizes the idea to weights.

DEFINITION 1.3. A kernel K is regular with respect to a weight w if K can be
decomposed as K(z) = k(z)g(z) so that

(1.2) lg(z)| < Blg(u)| for [ul/2 < |z| < 2[ul,
(1.3) K * fll2,w < Bl| fll2,w,
and

| k=) - k@) @l + b dz

(14) {|1|_2|y|B}

< —/ w(z)dz, forally,heR,y#0.
|yl J{1z—hi<iyl}

We note that the oscillating kernels K,, 0 < a # 1, are all regular with respect
to A; weights. (See, e.g., [7] and Theorem 2.3 of [2].) The kernels (1 + |z|)~1~%/2,
a > 0, are also regular with respect to A; weights. This follows by taking g =1 in
the definition above.

The next result is a generalization of Theorem 1 of [7].

THEOREM 1.4. Let K = kg be a regular kernel with respect to an A; weight w.
Then

”K * f”l,w < C”f”Hl})
if and only if for any H) atom b with support I = [d — e,d + €],

/ lk(z — d)||g * b(z)|w(z) dz < B'.
{lz—d|>2¢}

Furthermore, the constant C depends only on B and B’'.
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PROOF. We first note that
K xb(z) = / (k(z — 1) — k(z — d))g(z — £)b(t) dt + k(z — d)g * b{z).
Thus, in order to show the equivalence of the two inequalities, it is enough to show

(15) / IK +b(z)|w(z) dz < B
{|lz—d|<2¢}

and
(1.6) /{ . / k(z = £)g(z — t)b(t) dt — k(z — d)g * b(z)

By Hoélder’s inequality, (1.3), the definition of A; weights, and estimate (iii) in
the definition of atoms, we have

1/2
/ IK +b(z)|w(z) dz < ( / w(z) dz) 1K % bllg.0
{|z—d|<2¢} {|lz—d|<2¢}
1/2
<B (esinnf w) 12112 |[b]l2,0

w(z)dz < B.

1/2
< B (essinfw) " w(I)~V2j21]/2 < V2B.
This proves (1.5).
For the other inequality, note that t € I and = ¢ 2I implies |z — t| is equivalent
to |z — d|. By (1.2) and (1.4),

/ / k(z — £)g(z — )b(t) dt — k(z — d)g * b(z)
{lz—d|>2¢}

<B /1 [b(t)] ( /{ odi>2e) |k(z — 1) — k(z - d)|lg(z — d)w(z) dZ) dt

B /, Ib(2)] ( /{ an EE D) K@ @tz + dz) dt

B
<7 /I w(z) do /1 1b(t)| dt < B,

thus proving (1.6). This completes the proof of the theorem.

REMARK. Let w € A;. By Theorem 1.4, if a > 0, the regular kernels
(1 + |z])~*~%/2 map H} boundedly into L. ; to see this, set g = 1 and note that
J b= 0. This implies convolution with v, defines a bounded operator from HY to

w(z)dz

L.
wLet w € Ay and b be an H! atom. Then
(17) 1ol ([ wie)de) < KL irprentn <1
I
This estimate is useful in the proofs of the following two results. These will help

demonstrate that the operators Ts and K, * - are bounded from H} to L.. (See
[7] for details of the proofs.)
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PROPOSITION 1.5. Let0<a<1,1<p<2 andw € A;. Suppose K(z) =

k(z)g(z) € L*® is a regular kernel with respect to w and ||g* f|lq < C||f|lp. Suppose
that for allde R and s > 1,

P
(1.8) / lk(z — d)Pw(z)? do < & ( / w(z) d:c)
{2s<|z—d|<2s1/(1-)} 8 \/{lz—d|<s}

and
/{2 V(-0 <|z—d]} |k(z — d)] |g(z — t) — g(z — d)|w(z) dx
(1.9) .
<= w(z)dz for |t —d| <s,
8 J{lz—d|<s}
then,

”K * f”l,w < B”f”)-[&)
The constant B depends on C and w.

PROOF. By Theorem 1.4, it suffices to prove for any atom b with support
I=[d—¢,d+e¢] that

(1.10) / |k(z — d)||g * b(z)|w(z) dz < B < oo.
{lz—d|>2¢}

When |I| < 1, argue as in the proof of Theorem 2 in [7], using the assumption that
K e L*~.
Suppose |I| > 1. The left side of (1.10) is bounded by

/ Ik(z — d)] |g * b(z)lw(z) da
{2e<|z—d|<2e1/(1-a)}

+/ Ik(z — d)] g * b(@)w(z) de.
(260 =) <[z—d]}

Using Holder’s inequality, (1.7), and (1.8), the first term is bounded by

1/p
(/ mu—mwmvw> lg *bll,
{2e<|z~d|<2el/(1-0a)}

<o [ w)dalpl, < B.
{lz—d|<e}

Since [b = 0, by Fubini’s theorem, (1.7), and (1.9), the second term is controlled
by

/ < / |k(z — d)|lg(z — t) — g(z — d)|w(z) d:v) lb(t)| dt < B.
(2e1/(-) <[z —d]}

This completes the proof of (1.10).
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The analog of Proposition 1.5 for a > 1 is contained in

PROPOSITION 1.6. Leta > 1,1 < p < 2, and w € A;. Suppose K(z) =
k(z)g(z) € L 1is a regular kernel with respect to w and ||g * fllqg < C||fllp. Set
T(s) = max(s, s/(1-9)). Suppose that for alld € R,

P
(1.11) / |k(z — d)|Pw(z)? dz < ¢ (/ w(z) d:v) , s>0,
{lz—d|22T(s)} 8 \J{le—d|<s}

and

/ K@ - D lg(z ~ ) - g(a - Dw(z) do
{2s<|z—d|<2T(s)}
<¢

8 J{lz—di<s}

(1.12)
w(z)dz for|t—d| <s<1,

then
1K * fll1,0 < Bllfllay, -
The constant B depends on C and w.
PROOF. As in the previous proof, it suffices to prove (1.10). In case |I| > 1,
using Holder’s inequality, (1.7), and (1.11) yields

[ ke dllgrda)lu(e) do
{lz—d|>2¢}

1/p
< ( / Ik(z — d)[Pu(z)? dx) lg b, < B.
{lz—d|>2¢}
Let |I| < 1. Then

/ Ik(z — d)| g * b@)w(z) dz
{2e<|z—d|}

/ Ik(z — d)] |g * b(a) w(z) dz
{2e<|z—d|<2e1/ (1)}

+ / lk(z — )| |g * b(z)|w(z) da.
{261/~ <|z—d]}

Using (1.12) and arguing as in the proof of the previous proposition, the first term
is bounded by a constant. The second term is handled like the case |I| > 1 above.
This completes the proof.

In the next proposition, we consider the operators T and K, * - acting on
functions in H}.

PROPOSITION 1.7. Let0<a# 1, B =af(a—1), and w € A;. There is a
constant C, independent of f, such that

(i) 1Ko * fll1,0 < Cllfllmy
and

(i) ITafll1w < Cllfllmy-
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PROOF. By (1.1) and the remarks following Definition 1.3, it suffices to prove
(i). Since w € A; thereis a p, 1 < p < 2, so that wP € A;. Decompose K,(z) =
ka(7)ga(z), with ko(z) = (1 + |z])(2=2)/d-1 and g,(z) = (1 + |z|)~@~2)/agil=l",
Using standard arguments (see, e.g. [7]) and the remarks following Definition 1.3,
these kernels satisfy Propositions 1.5 and 1.6. Since ||g, * f|lq < C||fllp (see [7]),
inequality (i) is proved. This completes the proof of the proposition.

The next two results, proved by Stromberg and Torchinsky [14, 15, 16], will be
useful for the proof of our next lemma.

THEOREM 1.8. Letw € Ay. If m 13 a Hormander multiplier, then the operator
T defined by (Tf) " (€) = m(€)f(€) maps HY into LY.

For example, if m satisfies the condition
dm
dx

then m is a Hormander multiplier. In fact, since these multipliers commute with
the Hilbert transform, they map H} into H..

l=| +[m(z)| < C,

THEOREM 1.9. Let {T,} be an analytic family of linear operators such that
T,, maps H} into Ll and T,, maps L? into L?. Let 0 < 6 < 1. For 2(0) =
021+ (1 —0)22 and 1/p=0/1+ (1 —0)/2, Ty maps L?,_, into LY ,_,.

Many of the standard Calderén-Zygmund-Hormander kernels and their corre-

sponding multipliers can be shown to satisfy Theorem 1.8 by using Theorem 1.4.
For the operators T . defined in the introduction we prove

LEMMA 1.10. Let w € A1, 1 < p < 2, and suppose 8 < 0 or 8 > 1. Set
¢ = (p—2)B/2p. Then, there is a C independent of f such that

”Tﬁ,cf”p,w7'P < C”f”p,uﬂ—p'
PROOF. Consider the analytic family of operators {T;} defined by

Tf(@) = [ g0 0 ) fe) de.

Note that T; f(z) = Tsf(z). Define g by (&) = |¢|~®%P/2f(€). Then Ti4syf(z) =
Tig(z) = Tag(z), so by Proposition 1.7 and the comment following Theorem 1.8,

I Ti+iyflltw = 1Tsgll1,w < Bllgllay, < Bl fllay-
Since the multiplier defining T;, is bounded,

I Tiyfll2 < Bl fll2.

The result follows from Theorem 1.9 with y =0 and 8 = (2 — p)/p.

We now prove Lemma 1.2. We use the notation f* for the Hardy-Littlewood
maximal function of a locally integrable function f.

PROOF. Using the characterization of A; weights in (3], if w € A; then w(z) =
(g*(x))®h(x), where g* is finite almost everywhere, 0 < § < 1, and h(z) is equivalent
to a constant. Define n by (2—p)n = 6 and set u(z) = (¢*(z))"(h(z))/(2~P). Then
u € Ay. Applying Lemma 1.10 to u completes the proof.

We will use a decomposition result for A; weights which is proved in [1]. We
state the result in a form that is applicable for our purposes.
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LEMMA 1.11. Suppose Q2 C R is an open set such that R — Q0 # &. Let {I,}
be a Whitney decomposition of ) and set I7 =91;/8, j =1,2,.... Then, for every
w € A, there is an A; weight p > 0 and a C so that

(1.13) Clw(z) < p(z) < Cw(z) forallze R -1
and
(1.14) esssup p(z) < Cess}infw for 3 =1,2,.

I i

b
We conclude this section with two results about smooth cutoff functions.

PROPOSITION 1.12. Let 3 <0o0or3>1,0<d<1,andl1 < p < oo. Let
¥ =g be a C® function satisfying Y(z) = 1 for |z| < d and ¥(z) =0 for |z| > 1.
Then, there is a radially decreasing function ¢ € LP N L' which is essentially
constant on annuli so that

0 (228 @) < cote) or>n,
() (L9) @| <o) sorp<o

PROOF. Consider 3 > 1. Suppose |z| < 1. If 3 > g then
—¥(§) (A= 9%(&) —ieo
() 1= [ g e enae

is bounded by a constant depending on d, 3, and p. If 1 < 8 < ¢q, we decompose
the integral above into

(1 1»[)(6)) —-i&:d e—iﬁ:c
/{dsmsu NGO o {le>1y 1P/ @

By the change of variable u = ¢z, it follows that the second integral is O(1/|x|1~(8/9)),
Using integration by parts on the first integral yields

e—i&z e—ztz
< vof] ;
/{dsmsu e % {dSI€ISI}¢(£)< tasii<ieny [HP/e ) :
1
=0 (|z|1—(ﬂ/0)> '

When S = g, the integral is bounded by In(1/|z|).
For |z| > 1, the estimate

de [1- _
e (#)I <ec(1+1€))~*D  for k> 2

(55 @

implies

< clz|72

Suppose 8 < 0. For |z| < 1, the integral defining ((¢)/|£|?/9) "(z) is bounded.
If |z| > 1, we use integration by parts to show that

/ V(O e dé = 1 (zp'(ﬁ) G )e—iezdé_
‘ (leI<y

i<y 11574 €878 ~ q [e|B/a+1
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Making the change of variables t = £ and using further applications of integration
by parts (depending on 1+ §/q) complete the proof.
We can now prove

PROPOSITION 1.13. Let 8 <0 or 8 > 1, d = 2-VI8-1 gnd ¢(z) = a(z).
Set i (&) = ¥(&/2%/(B-1) and define Sk, k=1,2,..., by

Su() = [ QO e for p> 1,
’ 6(€)(1 - k(€)1 €772 for B < 0.

Then, there are constants a > 1 and C > 0 so that |Sk(z)| < Clz|= for all
|z| > |B|2%+2.

PROOF. We consider the case 8 > 1 since similar arguments prove the result for
B < 0. An integration by parts shows

Sk(z) = O(fg)rbk(é) 16 ~€2) g
0()ve(€) 1 ‘ ~ s
[€]872 " 4(B]€]P-T — ) [l(ﬂ|€|ﬁ 1 _2)e (1€1°=¢ )] de¢
_ / (6 () () + BEV(E)) o) g
|€1A/24(BI€|A-1 — )

LB / ()r(§e e &)
BRI

B 0Ok (P> iger-ea)
#8061 [ e —ae° @

We shall estimate the first integral and omit the other cases which are similar.
Since 6'(£) = 0 for |£| > 1, the first integral of the sum equals

/ 0'(&)(BIEIP-! — a) iIE°—¢€x) dé
{1/2<|¢|<1} |€[8/24(B|€|P-1 — x)?

P (6)(BlE]P~! — ) GUEP—€2) g¢ — A+ B
+/E(k,ﬂ) |€18724(B|€]P-1 — z)? c=AtE

where E(k, 8) = {2(k—1/(B-1) < |¢| < 2K/(B=1)}. Another integration by parts

shows |A| is bounded by
BltP—t —z (1e1P—
9" ¢ / L ei(|t| tz) Jt
/{1/2§|e|31} " are<i<ien HP/2(B1HA - 2)?
We apply the second mean-value theorem for integrals to the inner integral and use

the fact that |z| > |3|2¥*2 to conclude that |A| < C/z%. Similarly, |B| is bounded
by

de.

B-1 _ 1)eillt]—tz)
/ey [ (Bt~ — 2)e 4
E

k.8 [t1P/%(Bt]P-1 — x)?

+mem

-1 _ i(|t|P—tz)
/ (Blt/P~ — 2)e 4“
{

20/ <pi<ieny  [HP/2(BIEAE — 2)?
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Applying the second mean-value theorem for integrals to the inner integral and
using },(€) = 27/(B=1y/(£27%/(B=1)) and g (¢) = 272K/ (B-Ny"(g2-K (6-D),

we have
C z~2 Cz~2 9k/(B-1)
Bl < 5xa728=1) 3%/(5=1) T 3%B/2(B=1) 3%/ (B=1)
-2
2C$ S Cz_z‘

= 22+B8)k/2(8-1)
This gives the estimate of a constant times z~“ as we wished to show. Similar
arguments applied to Sk(z) when 8 < 0 lead to the estimate

1+5|8|/2
1+ 16|

2. Proof of the main theorem. We now prove Theorem 1.
PROOF. Fix A > 0 and set 2 = {z € R: f*(z) > A}. By the Whitney lemma,
1 =, I, where the I; are intervals with disjoint interiors and

ﬁ/l If()|dz < CA.

Let z; be the center of I; and I = 9I;/8 the interval concentric with I; and 9/8
times as long. Set () = U, (4Z;) for 8 <0 or Q= U, (4BI;) for > 1.
Let f;(z) = f(z)x1,(z) and write

f@)=g@)+ Y, fil@+ Y. filx) =g(z)+S()+L(z).

1;1<2 [1;1>2

It follows that |g(z)| < CA and ||g|l1,w < C||f||1,w- Since A; C Az, by Theorem
2.3 of [2] and Lemma 1.1,

w({a: [Tagla)| > A}) <3 [ Tag(a)/w(a) do
2.1) <ox? [go)Pule)de < 5 [lo@u(e)ds
<5 [ @) da.

By the definition of (2 and the fact that A; weights satisfy the doubling condition
~ c
(22) w(®) <CY_w(l;) = Cuw(@) < SIf .
)

2

|Sk(z)] < C/|z|* for |z| > |B|25*? with a = > 1.

Thus, we need only estimate S and L on the complement of (2.

Let J = {j € Z*: |I;| < 2} and consider S(z) = };c, fj(z). Choose p # §'
satisfying Lemma 1.2, p(z) as in Lemma 1.11, and define ng by #g(¢) = |¢|#/90(¢).
By Proposition 1.12, |ng(z)| < @(z), where @ is radially decreasing, essentially
constant on annuli, and in LP N L!. Note first that

w({z¢: [138(z)| > A} / IT5S (2)[Pw(z) dz

<5 [ m5@Po)ds < 2 [ nax S@Pata) do
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by applying Lemma 1.2 to TS = Tp,(ng * S). Writing
ng *x S(a) = Y _ x1; () (mp * £5)(2) + D x(ap)e (@) (mp * f5)(2),
j€J j€J
we have

4

Y x1:(2)(ns * £;)(@)| plz)dz

J€J

/ IWB * S(z)Pp(z)dz < — (/
+

=I+1IL

Y xup(@)ms * £5)(@)| ple) dx)

J€J

Since the I}’s have bounded overlaps, we have
5 (sup p(z)) [ Ing » f(@)P da

jGJ
(sup p(x)) ( / |f5(= Idz> / Ins(y)IP dy

(sup p(z)) |; Pt / |f;(z)| dz / Ins(y)[P dy.

o
IA

IA

&».
m
<

IN
[
m
<

But |I;| <2 and ng € LP, thus the expression above is at most

—E / i (@)w(z)dz < £ ||f||1,w-

JEeJ

To estimate II, let = € (I;)c. For y € I;, p(z — y) is equivalent to p(z — ;).
Thus, with z; the center of I;, we have,

S [mae - w5 ds| <3 sup nata - ) [ 15501y

J€J jeJ V&l
< CZ sup plz—y /|f,(y)|dy
]eJy I;
<CAY ILle(e - <)
JeJ

<Y [ ple-4)dy < Ol < O

JE€J
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This implies

14

Y xup-(@)mg * £5)(@)

JEJ

p(z) dz

Y xye (@) * £5)(2)

/ JE€J

< E ( / I£5(®) Idy) / o(z — 2;)x(13)¢ (€)p(=) dz.

JGJ

p(z)dz

Since ¢ € L! and radially decreasing and p € A;,

/(p(a: - zj)X(I;)c (z)p(z) dz < Cesssup p(z).

zte

Therefore,

(es;s sup p(x)) / |fi{y)| dy

[ 5@y < S5l

»IQ »IQ

3%
R

Combining the estimates for I and II,
= C
(2.3) w({z € (: [TpS(2)] > A}) < T 1fll10-

Consider L(z) = X1, /2 fi(z). Set d =2/ IA-11 and choose v satisfying the
conditions of Proposition 1.12. Define ¢i by ¥i(£) = ¢(£/2%/(B-1)), Let

Fe={5: 21 <1 <2%), k=23,
and Li(z) = Tjez, f5(2) so that L(z) = 152, Li(a).
Define Ry by

» _ 1- "1[) (6)’ ﬂ > 1’
Rld) = (wk(s)',c B <.

-

Recalling the definition of Sy from Proposition 1.13, we then have

(ToLe) (&) = 8(€)e €V |€] P2 L(€){we(€) + (1 — w(€))}
= (Sk * L) (&) + {Ts(Re * L)} (£).
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Using Proposition 1.13, changing the order of integration, and arguing as in the
proof of II when handling S(z),
> A})

e
/ (/'Sk(-’” O .’/)|dy)w(x)dz

/ﬂ)c (/ Jz—y* |f3(y)|dy> w(z) dz
ef,c/lf](y (/{Iz —yl>iy |2 (a;)|a > dy.

Since |I;| > 1, the above term is at most

32 (spro) [1561ar < S5 [ 1000

00

3 (S * Lie) (2)

k=2

IA

IA

i[8 0 M8
«.F’J M

k

IN
>Q >Q >Q

Ii M8

Hence,
(24 w ({ ¢: |3 (S L) > A}) < Sl
k=2

The last term is handled similarly to S(z). Defining p and g as before

w<{x¢s’z- iTg(Rk*Lk)(:c) >A})
5/\—/ ZTg(Rk*Lk)(a:) w(z) dz
p
SAE/ ETg(Rk*Lk)(x) p(z) de
=2

p

E( ng * Ric * Li)(z)| plz)dz

C /
<+
Ap k=2

by Lemma 1.2 applied to Tﬁ(Rk * L) = Tﬂ,c("?ﬂ * Ry * Li). Write

(ng * Re x Li)(®) = ) (mp * Re » f5)(2)x1; ()
JEF

+ Y (mg * R * f5)(@)x(13)e (2)-
JEF
Since (ng * Rk) (&) = (1 — ¥x(£))|€|7#/9, making the change of variables ¢ =

2k/(B=1)¢ in the integral for the inverse Fourier transform of (ng * Rx) " and using
Proposition 1.12, we get

9k/(B-1) ° k/(B—1)
(2.5) |(ns * Ri)(z)| < Cm‘ﬁ@ z).
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Since p € LP, this implies

/I(ma x R)(z)|P dz < C27*(-1),

The first double sum (over 2 < k < 00 and j € %) is handled exactly as I for the
function S(z), replacing 7 by 7 * R and using the above estimate and the fact
that |I;| < 2% for j € . Thus, we get

4
DD " (g * R x £3)(2)x1: (2)| plx)dz

k=2j€F

(2.6) < %Z E sup p(z)|;|P~* / |fj($)|df'3/ Ing * Ri)(z)[P dz

k=2 jeF €L
C
<1l

The second sum is handled similarly to II, again with ng replaced by ng * R.
In fact, to apply the argument used to estimate II, all we need is that for k > 2,
Ing * Rkll1 < C and |ng * Rx| has a radially decreasing majorant. Since both of
these are guaranteed by (2.5),

c
Py

p
(o = C
C 1S S s Be F)alxap@)| oa)de < il
k=2j€F

which combined with (2.6) yields

iTﬂ(Rk * L) (z)| > A}) < %Iflll,w.
k=2

The proof of the theorem now follows from (2.1), (2.2), (2.3), (2.4), and (2.7).

(2.7 w {ngfl:

3. Weighted L? estimates. In this section we shall discuss the kernels
Kabtiy(@) = (1+[2) ¥¥el 0<a#1,b<1,

for z,y € R. These kernels have been studied in [2, 7].

In Theorem 3.2 of [2], a weighted inequality for p = 2 is proved in which the
weights are essentially constant on annuli. Suppose ¢ > 1 and 1 < p < 2. For
weights that are essentially constant on annuli we show this condition is necessary
as well as sufficient. For p = 1, we give a slight improvement of Lemma 4.2 of [2].
This can be viewed as a weighted H! estimate.

PROPOSITION 3.1. Leta > 1 and
oo
(—o00,00) = U I,
n=—oo

where I, = [cn,Cn+1] and cpy1 — cn > 1 for all n. Suppose w is linear on each I,
and there 18 a constant C so that for allm and z,t € I,

(3.1) 0 < w(z) < Cw(t).
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Let v € R and set (Uiyf)(z) = [ Ka,14iy(z — t)f(t)(w(t))dt. Then there is a
constant C’, independent of v, y, and f, so that

Uiy fllz < C'(A+ DA+ [yl fll a2
PROOF. Let b(t) be an atom supported in the interval I = [a,a + 6]. Set
g(t) = et (1 + |¢t])(®=2)/2 and k(t) = (1 + |t|)~(@/2)~%¥. Following the proof of
Lemma 4.2 of [2], we estimate

lk(z - o)

/ | ota - 0p0) )" dt| da,
{26<|z—a|<2A} 1

where 0 < § < 1 and A = §~1/(@=1)_ Since |I| = § < 1, there exists an n so that
I C [en-1,¢n)U[cn,Cn+1]- In the inner integral, add and subtract (w(r,))*" (where
Tn = Cn in case both INI,_; # @ and I NI, # J; otherwise take r, = a) and use
the fact that [ b= 0 to get

lk(z — )|

‘426<’$~a|<2A} /Ig(x - t)b(t)((w(t))l‘7 _ (w(rn))z'y) dt

+(w(ra)” / l0(z — 1) — gz — )}b(t) dt| dz.
By the remark following Lemma 4.2 of [2] it suffices to show

(3.2) [(w(t))™ = (w(ra))"| < Cly| [t = 7nl.
Note that

w(t)

(mm“—wmm”:w/ 517 g

w(rn)

which implies the estimate

i ot < () = w(ra)
(3.3) [(w(t)) — (w(ra))*| < essinfrw '

Since w is linear on I,_;, w(t) = M,_1t + A where

_ w(cn) — w(en—1)
Cn — Cn—1 ’

By (3.1) and the fact that ¢, — cp—1 > 1,

|Mp—1]| < C essinf w < Cessinfw.
In_1Ul, 1

Mn—l

The same argument shows that |M,,| also satisfies this bound. Thus, (3.2) follows
from (3.3). This completes the proof of the proposition.

We use this result to prove Theorem 4.

PROOF. We first prove the necessity of the norm inequality. Since w is essentially

constant on annuli, w is defined by its values w(2™), m = 0,1,2,.... Suppose the
result is false so that K, p is a bounded operator from L% to L? and

5 w(2™) _

ISP Srla(p-D4p(o-1) O

This implies that for all n = 1,2,... there is an R,, > 1 so that
w(z) > n(Ry)?@~V*+P0-1  for R, < |z| < (1+ 2d)R,,
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with d chosen to satisfy Lemma 6.2 of [2]. Since K, is bounded on L%, that
lemma implies

(R,) (-0 f w(@)(1+ |z))* dz < C w(z) dz
{R.<|z|<(1+2d)R.} {lz|<(Rn)*-2}
so that
n(Rn)(l—a)p(Rn)a(p—1)+P(b—1)Rn(Rn)—bp < C(Rn)l_a.

Therefore, n < C which contradicts the assumption that the lim sup equals oo.
For the sufficiency, consider first the case b = 1. The estimate on wis 1 < w(z) <
C(1 + |z|)2®=1) for all z. Set v(0) = w(0), v(£2™) = w(£2™) for m = 0,1,2,...,
and define v(z) to be linear on the intervals [0, 1], [-1,0], [-2m+1, —2m], [2m 2m+1]
m=20,1,2,....
Consider the family of operators

U.f(z) = (v(z))/2P-1) /Ka,l(iv — 1) f(t)(v(t))~T/2P=D gy

with 7 = a+17, a,7 € R, 0 < a < 1. By definition, v(z) > 0 satisfies the properties
of Proposition 3.1; thus, we get that

NUirfllr < CNF |-

In addition, since 1 < (v(x))'/?~1) < C(1 + |z|)2, and v is essentially constant on
annuli, from Theorem 3.3 of [2] we have

1U1+in f113 =/ /Ka,l(z —8)f(t)(v(t))" V21

2
- (0(8)) "2 dt) (v(2)) VPV dz < O 113

Since {U,} is an analytic family of operators for r=a+1y,0< a<1and y€R,

1Uafll < Clifllp
for 1/p= (1 - a)/1+ a/2. This implies /2 = (p — 1)/p so that

[ 1Kas s 1@Po(z) e < © [ 1f@)Po(o) o

By the definition of v and the conditions on w, v is equivalent to w for all z. This
proves the result for b = 1.
When 1 —a/2<b< 1, set

v(z) = (w(z))@+2-2)/(alp-1)+p(b-1))

Since 1 < v(z) < C(1+ |z])2*+2*~2 and v is essentially constant on annuli, it follows
from Theorem 3.3 of [2] that

”Ka,b * f"2,'v < C”f"2,v
Theorem 5 of 7] implies for py = a/(a +b—1),

[1Kap * fllpe < Clifllpo-
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Interpolating between these two results, for 1/p = /py + (1 — 6)/2 we have
160Ky s fla)P d < € [10) 21 @) da,

where

2  a-2a+b-1) 2-a-2b

Therefore, (v(x))P(1=9)/2 = w(z). This completes the proof of the theorem.

REMARK. For 1—a/2<b<1landp=a/(a+b—1), we get that w is equivalent
to a constant. The sufficiency for these cases follows from [7] while the necessity
follows from Lemma 6.2 of [2] and the remarks following that proof. In particular,
this includes the case b=1—a/2 and p = 2.

We would like to point out that Proposition 3.1 cannot be extended to the case
0 < a < 1, since the operator U;, is bounded from H, into L} if and only if w is
a constant function.

It was shown in [2] that K, ; maps L% into L%, for 1 < p < co and w € A,.
When b < 1, this is no longer the case. Lemma 6.3 of [2] shows that K, ; does not
define a bounded operator on Lﬁ +izpye fora>p—1+ p(b—1)/a and hence there
are A, weights for which K, ; does not define a bounded operator. The following
theorem shows that the result of Lemma 6.3 of [2] is sharp.

THEOREM 3.2. Let0<a<1,1-a/2<b< 1, anda/(a+b—1) <p<a/(1-b).
Then

p(1-0) a-pla+b-1) a(l—p)+p(1—b)‘

1Kap * fllp1+1z)e < CllSllp, (1412
if and only if
—1+Z—(1—b) Sagp—1+§(b—1).

PROOF. The necessity of the range follows from the remarks preceding the
theorem and duality. To show the sufficiency, it is enough to consider the case
a =p— 1+ p(b— 1)/a; the other values follow from duality and interpolation with
change of measures. Further, we need only prove the result for po = a/(a +b — 1)
and p; = a/(1 —b). The intermediate values of p then follow by interpolation with
change of measures. The norm inequality for pg is a consequence of the facts that
K, » maps L? into LP for a/(a+b—1) < p < a/(1-b) and @ = po—1+po(b—1)/a = 0.
To see the result for p;, note that Lemma 4.5 of [2] is true for 0 < a < 1 and when
pr=a/(1-b),bpr+a-2=p—2=p1 —1+pi(b~1)/a.

REMARK. We note that this result is not true for b = 1. A consequence of
Lemma 6.3 of (2] is that the norm inequality fails if @ = p — 1.
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